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Abstract

Several methods have been proposed to characterize the statistical significance of
an observation in the H → γγ channel. In order to compare these methods, we
introduce the notion of a coverage study to assess the performance of an arbitrary
discovery criterion. We have performed coverage studies for several criteria in the
context of H → γγ. We have found that the residual uncertainty on the back-
ground after a sideband fit is not negligible and must be incorporated into the
significance calculation. To that end, we have derived an equation for the resid-
ual background uncertainty, incorporated it into both Cousins-Highland and fully
frequentist calculations, and found that those methods give the correct coverage.
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1 Introduction

The inclusive H → γγ analysis has a huge continuum background with a simple shape.
The strategy for this channel has been to use the sidebands to extract the number of
expected background events in the signal-like region. The fit takes into account both
the electromagnetic energy-scale uncertainty and the cross-section uncertainty. Given
this channel’s low s/b, the uncertainty on the background must be less than about 0.2%
for the expected significance to be greater than 5σ. By using the sideband technique,
the uncertainty on the expected background was expected to be negligible. As we will
show, the uncertainty is not negligible, but the method is robust against uniform energy
scale uncertainties.

The use of a fitted background as a substitute for a true prediction could be substan-
tiated if the fits to both Monte Carlo background events and data provide an acceptable
χ2. If the χ2 is not acceptable, then the parametric form either needs to be rejected
or extended. Extending the parametric form of the continuum background will most
likely result in a higher uncertainty in the extrapolation of background events into the
signal-like region. Given the low tolerance of the H → γγ analysis to background
uncertainty, it needs to be confirmed that an acceptable parametric form and small
background uncertainty can be achieved simultaneously.

As a first step in this direction, a coverage study for H → γγ has been performed.
In Section 2, we define what is meant by a coverage study and explain why it is a
useful concept. In Section 3, we give the details for our Toy Monte Carlo that was used
to perform the coverage studies in this note. Section 4 describes a few methods for
calculating the statistical significance of an observation in the H → γγ channel, two
of which incorporate the residual background uncertainty after a fit to the sidebands.
In Section 5 we present the results of the coverage studies for these different discov-
ery criteria. Lastly, in Section 6 we discuss future extensions to this work and draw
conclusions in Section 7.

2 Definition of a Coverage Study

When we perform a search for a new particle, we are performing a hypothesis test
between the null (background-only) hypothesis, H0, and the alternate (signal-plus-
background) hypothesis, H1. When we say that we have a signal that is 3σ, we are
referring to the probability that the background could have fluctuated to produce the
observation. Similarly, when we set 5σ to be our discovery threshold, it refers to a
probability that the background could produce such an observation. The chance that
we claim a discovery in the presence of background only is called the rate of Type I
error, α, and the relationship to Nσ is given by

α =
1 − erf(N/

√
2)

2
. (1)

The idea of coverage is simple: a method should commit a Type I error with prob-
ability α [1]. If the method claims discovery too often (is “optimistic”), it is said to
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Figure 1: Left: exponential form used for Toy Monte Carlo. Right: number of events
from sideband fit extrapolated into the signal-like region vs. observed number of events
in the signal-like region. The red points represent experiments considered as 3σ dis-
coveries.

undercover (for H0). Conversely, if the method claims discovery too infrequently (is
“conservative”), it is said to overcover (for H0). The nice thing about the coverage con-
cept is that you can apply it to any well-defined method. To perform these coverage
studies we have used a simple Toy Monte Carlo to generate toy experiments.

3 Details of the Toy Monte Carlo

A toy Monte Carlo was used to generate a number of experiments with a Mγγ spectrum
given by a simple exponential form (see Figure 1 and Equation 2). The exponential
was normalized such that N , the average number of events generated in the mass
window 118 < Mγγ < 122 GeV, was 160001. For each Toy Monte Carlo experiment,
the spectrum was sampled in the range 100-150 GeV (about 200,000 events). We
then varied the exponent in the range [−0.048,−0.030] GeV−1 in steps of 0.002 GeV−1

producing about 80,000 toy Monte Carlo experiments per exponent tested.

dσ

dMγγ
=

(
aN

eam+ − eam−

)

︸ ︷︷ ︸

N ′

eaMγγ (2)

1Given current Monte Carlo estimates, this corresponds to about 40 fb−1 of data.
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4 Various Discovery Criteria

For each Toy Monte Carlo experiment, we evaluated various discovery criteria. Each
experiment was treated as if it were real data, with no access to the parameters of
the Toy Monte Carlo. The original goal of this study was to address the residual
background uncertainty after a sideband fit. Thus, we fit the background to a simple
exponential shape in the range 100-150 GeV, excluding the pre-defined mass window
118 < Mγγ < 122. For each experiment, the result of the sideband fit was used to
extrapolate the expected background in the signal-like region, denoted M0. In total,
nearly a million minuit fits were performed.

For clarity, let us distinguish between the variables b and M . The variable b is

not an experimental observable, but a “truth” quantity defined as the average number
of events in the mass window. Formally, b =

∫m+

m−

dMγγ(L dσ/dMγγ). The variable
M is an experimental observable, it is the number of events in the signal-like region
extrapolated from the fit to the sideband. Even though b is fixed, the measured value
of M will vary from experiment to experiment due to fluctuations in the sideband.

Observations on the Fit Procedure

We arrived at several interesting results. First, we found that a modified least
squares fit to a binned Mγγ spectrum leads to a background extrapolation that is
biased by about 10 events (which is about a 0.08σ effect)2. Second, we found that
the variation in the number of extrapolated background events, δM , from the mean
value was about 38 events across the range of exponents tested (see Figure 1 right).
Because the same exponential form was used to generate the toy Monte Carlo, it is
not surprising that the background uncertainty is exactly what one would expect from
the number of events in the side band region. For convenience let us use τ to denote
the ratio of the cross section in the signal like region, σsig, to the cross section in the
sidebands, σSB. Thus the background uncertainty due to the statistical fluctuations in
the sideband region is given by

δM ≈ τ
√

NSB. (3)

The s/
√

b Method

The typical significance calculation for this channel is s/
√

b. First, one should
realize that this is a calculation of the expected significance and can not be directly
applied to data. Second, one should realize that this method does not take into account
any uncertainty on the mean background. In the same spirit as s/

√
b, we tested the

discovery criterion in which one claims an Nσ discovery if the number of observed
events in the signal like region, x, was greater the extrapolated background M plus N
times the statistical fluctuation on M events. Formally, a discovery was claimed if

x0 > M0 + N
√

M0. (4)

2This is due to the fact that when the bin fluctuates down, the error used in the modified least

squares fit also goes down. In the unmodified least squares fit, the error is defined by the model not

the observation.
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The Cousins Highland Method

The Cousins-Highland formalism [2] has been used in Atlas to incorporate back-
ground uncertainty (systematic error on the background) in the TDR [3] and more
recent notes [4, 5]. The basic idea of this method is to perform a convolution of the
statistical and systematic errors. The Cousins-Highland method has some formal incon-
sistencies and implicitly depends on prior assumptions about the background; however,
it performs well in most practical situations. Furthermore, in the context of H → γγ,
the number of events is so large that it dominates the effect of any a priori assumptions.

The formula that was used in the TDR to calculate the expected significance was

σCH =
s

√

b(1 + α2b)
, (5)

where α is a relative background uncertainty. As in the case of s/
√

b, this formula can
not be directly applied to data. Furthermore, we did not previously know the value of
α. One of the major results of this note was that δM ≈ τ

√
NSB and M = τNSB, thus

one arrives at the equivalent equation that describes the Nσ discovery criterion:

x0 > M0 + N
√

M0(1 + τ) (6)

A Purely Frequentist Method

In this section we derive a fully frequentist result based in part on the work presented
in Ref. [6]. The basic idea of the frequentist technique is that it is explicitly designed
to have the correct coverage3.

Equations 4 and 6 define two acceptance regions for the alternate hypothesis (the
complement of which is an acceptance region for the null hypothesis). These acceptance
regions, as presented, are ad hoc. Now we shall derive a form for the acceptance region
that has the correct coverage (implicitly forming the Neyman Construction).

For each value of the parameters of H0 there is a distribution L(x, M |H0,N , a). If
we can find a region W with the property

∫

W

L(x, M |H0,N , a)dxdM = α, (7)

for every value of the nuisance parameters N and a, then we have a similar test which
should provide the correct coverage. For W of the form W = {x, M |x > M + η

√
M},

the challenge is to find the η which satisfies Equation 7. If we write the boundary as
a function x(M) = M + η

√
M , and expand it about M0, then the linear form of the

boundary is

x(M) ≈ M + η
√

M0 + (M − M0)

(

1 +
η

2
√

M0

)

︸ ︷︷ ︸

m−1

(8)

3This is not possible in general if the null hypothesis has a continuously varying nuisance parameter,

but as we shall see, for this problem, we achieve approximately similar tests.
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Figure 2: Determination of η via a change of variables.

Considering contours of L(x, M |H0,N , a) as ellipses with eccentricity

ε =
∆M

∆x
=

τ
√

NSB√
M

=
√

τ (9)

and the critical boundary as lines with slope m = (1 + η

2
√

M0
)−1, the goal is to find

η that satisfies Equation 7. By a change of variables M ′ = M/ε, the contours of
L(x, M |H0,N , a) become circles and the critical boundary has slope m′ = m/ε. In
this new space, the coverage requirement is satisfied if the perpendicular bisector,
has a length N (in number of Gaussian σ) that corresponds to α according to Equa-
tion 1. Here we have θ = tan−1 m/ε and η = N/ sin θ. Note, the x-direction was not
modified by the change of coordinates. We can re-write η = N/ sin(tan−1(m/ε)) =
N
√

1 + ε2/m2).

Thus the expected significance can be calculated with the equation

σF =
s

√

b(1 + τ/m2)
︸ ︷︷ ︸

new result

(10)

and the discovery criterion is given by

x0 > M0 + N
√

M(1 + τ/m2), (11)

where

m =

(

1 +
N

2
√

M0

)−1

(12)

and N is the desired significance of the test.

The quantity m, which is less than unity, can be seen as a correction to the Cousins-
Highland result. In the case of H → γγ, the correction is minuscule, and the Cousins-
Highland result is an excellent approximation.
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Exponent Binned Unbinned Cousins-Highland Frequentist Nexper

-0.030 0.18% 0.12% 0.08% 0.08% 83726
-0.032 0.19% 0.15% 0.10% 0.10% 46835
-0.034 0.38% 0.33% 0.27% 0.27% 84548
-0.036 0.19% 0.18% 0.16% 0.16% 84628
-0.038 0.21% 0.17% 0.11% 0.11% 84294
-0.040 0.27% 0.23% 0.16% 0.16% 90020
-0.042 0.22% 0.18% 0.10% 0.10% 90020
-0.044 0.21% 0.16% 0.10% 0.10% 90020
-0.046 0.32% 0.27% 0.15% 0.15% 85630
-0.048 0.23% 0.19% 0.12% 0.12% 78514

all 0.25% 0.21% 0.14% 0.14% 818235

Table 1: Results of the H → γγ coverage study (see text).

5 Results: The Impact of Background Uncertainty

Let us examine the impact of background uncertainty on the H → γγ significance.
If we assume that the background uncertainty is negligible, then for MH = 120 GeV
σ = s/

√
b = 3.2σ (using TDR results). In our studies, the sideband region ranged from

100-150 GeV (which is quite large), thus τ = 8% and σCH = 3.1σ. However, if we use
the sideband region shown in the TDR which ranged from 105-135 GeV, τ = 25% and
σCH = 2.9σ.

In Table 1, we show the probability to claim a 3σ discovery given background-only
experiments for several methods. The chance for such a discovery should be 0.135%
via Equation 1. The label Binned refers to the scenario in which the background is
estimated from a χ2 fit to a binned Mγγ spectrum (which causes a bias in the expected
number of events). The label Unbinned refers to the unbinned extended likelihood
fit procedure, for which no bias was observed. In both the binned and unbinned

cases, an experiment was classified as a discovery according to Equation 4. The labels
Cousins-Highland and Frequentist refer to the unbinned case when discovery was
claimed with Equation 6 and Equation 11, respectively. The statistical error on the
entries is approximately 10% for each exponent, and 3% for the sum over all exponents.

6 Future Directions

The obvious extension of this work is to use different parametric forms for the generation
of the Toy Monte Carlo and the fit to the sideband. We now have NLO predictions
of the reducible and irreducible background components [7], which can be used as
templates either to produce Toy Monte Carlo or to fit the background.
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7 Conclusions

In conclusion, coverage studies like those presented in this note are powerful tools to
assess a proposed statistical method or discovery criterion. We have focused on the
performance of a few discovery criteria and two sideband fitting methods. The side-
band fit technique is a powerful method, but has some subtleties. First, one must
use an extended unbinned likelihood fit (or some other unbiased fit method) to avoid
undercoverage. Secondly, even after the sideband fit, there is a residual background un-
certainty that is not negligible. The Cousins-Highland and frequentist approaches take
into account the background uncertainty and produce the correct coverage. Lastly, one
must understand the trade-off between a larger sideband with larger shape systematics
and a smaller sideband with larger statistical fluctuations.
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Symbol Meaning

H0 The null (background-only) hypothesis.
H1 The alternate (signal-plus-background) hypothesis.

α = CLb The probability of Type I error, the confidence in the
background-only hypothesis.

erf(x) The error function.

a The exponent in the Toy MC with units GeV−1.
N The normalization of the exponential in the Toy MC. De-

fined as the number of events expected in the signal like
region so as to remove dependence on a.

σSB The expected cross-section in the sideband region (exclud-
ing the signal-like region).

NSB The integrated luminosity times σSB, i.e. the expected
number of events in the sideband region.

σsig The expected cross-section in the signal-like region.
τ The ratio of σsig to σSB.

x The number of events in the signal-like region.
M The number of events expected/predicted in the signal-

like region from fitting the sideband.
L(x, M |H0, a,N ) The likelihood to observe x and M given the background-

only hypothesis with parameters a and N .
x0 The measured value of x for a particular experiment.
M0 The measured value of M for a particular experiment.
ε The ratio of ∆M to ∆x, i.e. the eccentricity of a contour

of L(x, M |H0, a,N ).

W The acceptance region for H1 in the x − M plane.
η The parameter that defines the a acceptance region in the

formula W = {x, M |x < M + η
√

M}.
m The slope (dM/dx) of the boundary of W (at M = M0).
M ′ M after a change of variables, M ′ = M/ε.

s The number of expected signal events in the signal-like
region. Used for estimating the expected statistical signif-
icance, not in an actual experiment.

b The number of expected background events in the signal-
like region. Used for estimating the expected statistical
significance, not in an actual experiment.

N The desired significance of the test, or the threshold for
discovery in Gaussian σ.

σF The expected significance from the frequentist method.
σCH The expected significance from the Cousins-Highland

method.
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