Topic 2

Complex numbers

Purpose of lecture

1 Remind you of Cartesian and polar forms
1 Conversion between them

1 Powers and roots of complex numbers

1 Integration by parts



The Argand diagram




Complex conjugate




Real answers from imaginary
numbers

zhs w(r,t)= —f—mv (r,t)+V(r)w(r,t)
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Why complex conjugate?

i BA=Ns )] Evaluate

How do we find |z]| ?




Why complex conjugate?

What is |z|?
What works - z? or zz*?

z>=(a+ib)’ =a’ —b” +2iab

zz% = (a+ib)(a—ib) = a* + b




Real answers from
imaginary numbers




Example 2.1

Find the modulus of

3+4i




Example 2.1 (ans)

3+4i = \/(3+4i)(3 - 4i)

3+4il=9+16 =5




Eulers formula

l

e’ =CcosSx+isinx

re'’” =rcos@+risin ¢



Polar form




Why both forms?

Addition:

z,+z,=(a, +ib )+ (a, +ib,)

z,+z,=(a, +a,)+i(b +b,)

Subtraction:

z, =z, =(a, +ib;)—(a, +ib,)

z, =z, =(a,—a,) +i(b = b,)




Why both forms?

Multiplication?

Division?



Why both forms?

Multiplication & division




Example 2.2

Express in polar form:

1+
1+1.731

tan" (1.73)= /3
tan" (1) =7/4




Example 2.2 (ans)




Powers and roots

Powers are easy

?

n

~ — rnem

Roots are trickier

Zl/n rl/nei(¢+27zp)/n




Multiple roots
What's?




Multiple roots

\ﬁ = +1,—1 BAUSECl

Three roots

Working....



Multiple roots

1=1+1i0
r=1and ¢g=tan"'(0/1)=0

» = l(0+2m)/3

where p=0,1,2




Multiple roots

AR Has 7 roots

Has n roots




N roots

Roots are easy S A aCass i

Step 1: how many roots will there be?

Step 2: how many values of p?

Step 3: work them out one at a time...



Example 2.3 (Q)

- =907 [k




Example 2.3 (A)

Step 1. write down z in polars with the 2xp bit added on to
the argument. z = 9e! (w/3 + 27p)

Step 2. say how many values of p you'll need and write out
the rooted expression here n = 2 so I'll need 2 values of p; p
=0andp=1 Z%=+9 ¢i(n3+2mp)2

Step 3: Work it out for each value of p: z”2 = 3el ("/3)/2 =
3ei (n/6) for P = O, Zyz — 3e| (n/3 + 2n)/2 = 3e| (/6 + n) for p= 1

Remember that e Y = (cos¢ +ising) so e '* =-1

Therefore we could write
7”2 = 3el (/6 +n) = Zeib(gin) = -3e!™6 for p =1, and 3e! @) for p = 0



Example 2.4 (Q)

¥4 - /3
- =27 I8



Example 2.4 (A)




Complex trig functions

Remember

e™ = cos koc+1sin kx

e ™ = cos kx —isin kx



Complex trig functions

Remember

e™ = cos koc+1sin kx

e ™ = cos kx —isin kx




Complex differentiation

Remember that i is just a number!

Much easier than sine’s and cosine’s



Integration by parts - Remember the chain rule

d(f(x)g(x)) _ _ f(x) d(g(x)) , d(f(x))
dx dx dx

f(x)g(x) :jf(x) d(g(x)) dx+jd(f(x))

g(x)

g(x)dx

), G

| £

f(0)g(x) -] g(x)

v=_g(x) u=f(x)

dv_d(g(x) |du_d(f(x))
dx dx

LA




Integration by parts - example

evaluate j X COS de

Substitutions

dv = cos xdx jXCOS xdx = xsinx_jsin xdx

V= jcos xdx

V= sin x Ixcosxdx:x51nx+cosx+c



Integration by parts - example

xe'dx = xe' — j e’ dx

xe'dx=e (x—1)+c




Integration by parts - example

evaluate j hl de
Substitutions
X
jlnxdx =xlnx—|—dx
X

jlnxdx=x(lnx—1)+c



Complex numbers

Summary

1 Remind you of Cartesian and polar forms
I Conversion between them

1 Powers and roots of complex numbers

1 Integration by parts



