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Answer Question ONE (COMPULSORY) and TWO additional questions. 
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1.    COMPULSORY 
 

(a) Let  iz 31 .  Plot  z  on an Argand diagram, express z  in the form  

 
irez , and hence find  z

1/2
. 

 

(b) Write down the general solution of the equation of  
2

2

2

d

d

x
x

t
.  Find the 

 particular solution such that at t = 0, x = x0 and 
0

d
0.

d t

x

t
 

 

(c) Consider the integrals given below. For any which are identically equal to 

 zero, explain briefly why they are zero. Evaluate any which are not zero.  

             

2

0

cos3 sin dx x x     

             

2

2

0

sin 3 dx x    

             

2

3

0

dixe x  

 

(d) Evaluate the integral  ( ) dikxx a e x   where )( ax  is a Dirac delta 

 function. 

 

(e) In spherical polar coordinates (r, , , state the range of values each variable 

 should take in order to cover all space. 

 

(f) In spherical polar coordinates the volume element is 
2d sin d d dr rV . 

 By explicitly evaluating the integral, show that 34
d

3
sphere of
radius R

RV . 
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2. 
 

(a) An oscillator with natural frequency 0 is subject to damping with damping 

 constant 2b, so obeys the differential equation   

                              
2

2

02

d d
2 0

d d

x x
b x

t t
. 

 

(i) For what value of b is the oscillator ‘critically damped’?  Find the 

general solution of the equation in this case. 
 

(ii) At t = 0, x = 0 and 0

0

d

d t

x

t
V . Find the particular solution.  

 

 

 

 

 

 

 

 
 

[2] 

 

[1] 

(b) In a region of zero potential, the one dimensional time-dependent 

 Schrödinger equation is 

       

22

2

, ,

2

x t x t
i

m x t


 . 

 

(i)  Show that the equation has solutions of the form  )()(),( tTxutx  

 such that  
d

d

i T

T t


constant, and find a corresponding ordinary 

 differential equation for u(x). 

 

(ii)  Let the constant in part (i) be E, that is, let  
d

d

i T
E

T t


.  Find the 

 general solutions of the differential equations for T(t) and u(x).  

 

 

(iii)  If 0),(),0( tLt  for all t, show that the general form of 

 ),( tx  is   
/

1

( , ) sin ,niE t

n

n

n x
x t B e

L


  where n is an 

 integer, and give an appropriate expression for En. 
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3. 
    

The Fourier Series of a function f(x) of period 2  is 

  0

1

1
( ) cos sin

2
n n

n

f x a a nx b nx . 

 

(a) Write down expressions for the coefficients a0, an and bn. 

 

 

A certain function f(x) has period 2  and on the range   < x   is defined as                

                     

, 0
2

( )

, 0 .
2

x x

f x

x x

 

 

(b) Sketch the function over the range  2   x  2  

 

(c) Explain why we can expect the Fourier series of this function to contain no 

 constant term and no sine terms. 

 

(d) Show that the function has Fourier series 
oddn

nx
n

xf cos
14

)(
2

. 

 

(e) From your answer to part (d) or otherwise, find a Fourier series for the 

 voltage signal shown below: 
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4. 
 
The Fourier transform of a function  f(x)  is defined as   

                                     
1

( ) ( ) d
2

ikxF k f x e x . 

 

(a) Show that if  f(x) is even, the formula can be written as      

                             
0

2
( ) ( )cos dF k f x kx x .    

 

(b) In a similar way, find an expression for F(k) valid only when f(x) is odd. 

 

(c) If f(x) is real, under what conditions is its Fourier transform real? 

 

(d) Find the Fourier transform of the function  
1, | |

( )
0, | |

x a
f x

x a
. 

 

(e) For the function in part (d), sketch the function and its transform. 

 

(f) Show that the Fourier transform of the function  
cos , | | 2

( )
0, | | 2

x x
f x

x
  

 is  
21

2cos2
)(

k

k
kF . 

 

(g) Briefly describe one situation in physics or astronomy in which Fourier 

 transforms are encountered or used. 
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5. 
 

(a) In two dimensional plane polar coordinates (r, ), Laplace’s equation for a 

 potential U(r, ) is  

0
11

2

2

22

2
2 U

rr

U

rr

U
U . 

 

(i) Show by substitution that  1 cosU r  is a solution of this equation. 

 

(ii) Show similarly that cosn
nU r n   is a solution for any integer n. 

 

 

(b) In three dimensional spherical polar coordinates (r, , ) and when the 

 potential V(r) is a function of r only, Laplace’s equation becomes       

                                        
2 2

2

1 d d ( )
( ) 0

d d

r
r r

r r r

V
V .  

 Show, by directly solving the equation, that the only solutions are of the form  

 ( )
A

r B
r

V   where A, B are constants. 

 

 

(c) Find the relationship between k and  such that the spherical wave  

( )( , ) i kr tA
r t e

r
 

         is a solution of the wave equation 
22

2

2

2 11

tcr
r

rr
.  

 

 

(d) Explain why many three-dimensional problems in physics and astronomy are 

 more easily solved using spherical polar coordinates than Cartesian 

 coordinates. 
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END OF QUESTION PAPER 
 
 
 
 
 

 


